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1. Introduction 

 

 For graph theory notations and terminology not given here we refer it from [1]. The line graph of an 

undirected graph 𝐺 is another graph L(𝐺) that represents the adjacencies between edges of 𝐺. Let 𝐺 = (𝑉, 𝐸) be a 

simple graph with at least one pair of adjacent edges. The adjacent line graph of 𝐺, denoted by AL(𝐺), is a graph 

with the vertex set 𝑉𝐴𝐿 = {𝑣𝑖𝑗  /𝑒𝑖   and 𝑒𝑗  are adjacent in 𝐺} and two vertices 𝑣𝑖𝑗   and 𝑣𝑘𝑙 are adjacent in AL(𝐺), if 

and only if, either 𝑒𝑖  and 𝑒𝑘 or 𝑒𝑖  and 𝑒𝑙  or 𝑒𝑗  and 𝑒𝑘 or 𝑒𝑗  and 𝑒𝑙  are adjacent to each other in 𝐺. [7]. 

 
 Ferrers relation was introduced in [2] for the first time has been utilized for different purposes in 

extensive and various science fields. The relation was used with concept lattices in formal concept analysis. Some 

graphs associated by the relation were linked together concept lattices again. We already proved some results 

[4]  on Ferrer trees and its distance character. The upper bounds for distance function (𝑢, 𝑣) for all 𝑢, 𝑣 ∈ 𝑉. 

Throughout the paper, we consider connected graph. 

 

 In this paper our intention is to move a step forward in the investigation of the adjacent line graph of a 

Ferrers graph and its properties. We also check the conditions for adjacent line graphs of Path, Cycle, Complete, 

Star graphs to be Ferrers. Also a sufficient condition has been given for a graph so that its adjacent line graph is 

not  Ferrers. 

 
Definition 1.1. [2] A simple graph 𝐺 is a Ferrers graph if for all distinct 𝑥, 𝑦, 𝑧, 𝑤 ∈ 𝑉 if 𝑥𝑦 ∈ 𝐸 and 𝑧𝑤 
 𝐸 then either 𝑥𝑤  𝐸 or 𝑦𝑧  𝐸. Since 𝑥𝑦  𝐸 if and only if 𝑦𝑥  𝐸 holds for all simple graphs, the 

definition of Ferrers graph must be extended to if 𝑥𝑦  𝐸 and 𝑧𝑤  𝐸, then either 𝑥𝑤  𝐸 or 𝑦𝑧  𝐸 or  

𝑥𝑧  𝐸 or 𝑦𝑤  𝐸. 

 
Definition. 1.2. [4] Graphs which do not satisfy the above conditions are classified as non- Ferrers graphs. Also, 

there are graphs which do not have at least four distinct vertices 𝑥, 𝑦, 𝑧, 𝑤 ∈ 𝐺 such that 𝑥𝑦, 𝑧𝑤 ∈ 𝐺. That is, 

the graph does not exist at least two disjoint edges to verify Ferrers condition. This class of graphs is classified as 

infringe-Ferrers graphs. The obvious examples are 𝐶3 and 𝑃3. The following Theorems are used in the sequel. 

 

 
Theorem 1.3. [4] Let 𝐺 be a tree. Then 𝐺 is a Ferrers tree if and only if 𝐺 has two internal vertices. 
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Theorem 1.4. [4] Let 𝐺 be a complete graph, then 𝐺 is a Ferrers graph. 

Theorem 1.5. [2] Let 𝐺 = (𝑉, 𝐸) be a simple graph where |𝑉| ≥ 4. If 𝐺 is Ferrers, then (𝑣, 𝑤) ≤ 2 for all 

distinct 𝑣, 𝑤 ∈ 𝑉. 

Theorem 1.6. [2] Let 𝐺 = (𝑉, 𝐸) is Ferrers if and only if for all distinct 𝑥, 𝑦, 𝑧, 𝑤 ∈ 𝑉 if 𝑥𝑦, 𝑧𝑤 ∈ 𝐸 then 

d(𝑥, 𝑤) + d(𝑦, 𝑧) ≤ 4. 

Theorem 1.7. [7] Let nvvv ...,,, 21 are vertices of G, then the number of vertices ni 𝐴L(𝐺) equal to 



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n
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Where di(≥ 2) is the degree of the vertex vi. 

 

Theorem 1.8. [4] Every 𝑛-regular graph in Ferrers if and only if d(𝑢, 𝑣) ≤ 2. 

 
2. Properties of Adjacent line Graph 

 

In this Section we study the Adjacent line graph of a Ferrers graph. Let 𝐺 be a connected graph of 

order n ≥ 4. If the adjacent line graph AL(𝐺) is Ferrers graph, then we call the graph as AL-Ferrers. 

 
Theorem 2.1. Adjacent line graph of a ferrers tree (𝑛 ≥ 5, 𝐺 ≠ 5P ) is ferrers. 

 

Proof . Let 𝐺 is a ferrers tree with 𝑛 ≥ 5, G ≠ 5P . To prove AL(𝐺) is ferrers 

 

Since G is a ferrers tree, it has 2 internal vertices, and 𝑛 end vertices. Let 𝑢 and 𝑣 be an 2 internal vertices and  

𝑒 = 𝑢𝑣 is the edge. Then the edge “𝑒” is incident with every edges of 𝐺. Therefore, 𝑒 is an universal vertex of 

AL(𝐺). Which implies d(𝐴L(𝐺) ≤ 2). Then for four distinct vertices 𝑤, x, 𝑦, 𝑧 ∈ AL(𝐺). Then  

d(𝑤, 𝑥) + d(𝑦, 𝑧) ≤ 2 + 2 = 4. By Theorem 1.6, AL(𝐺) is ferrers. 

 
Remark 2.2.  For 𝑛 = 4, AL(P4) = P2, It is an Infringe Ferrers graph. 

 For 𝑛 = 5, AL(𝑃5) = 𝑃3, It is an Infringe Ferrers graph. 

 

Theorem 2.3. For a ferrers tree 𝐺, AL(𝐺) is ferrers, diam 𝐴𝐿(𝐺) =2 and rad 𝐴𝐿(𝐺)=1. 

 

Proof. Consider a ferrers tree 𝐺 and AL(𝐺) is ferrers. To prove diam AL(𝐺) = 2. Suppose diam AL(𝐺) ≥ 2. The 

𝐺 is a non- ferrers tree (or) a path containing atleast vertices. In all the cases 𝐺 is not a ferrers tree, which is a 

contradiction. Hence 𝑑𝑖𝑎𝑚 AL(𝐺) = 2. Now to prove that, 𝑟𝑎𝑑 AL(𝐺) is 1. It is enough to prove that  

r𝑎𝑑 AL(𝐺) ≠ 2 Since 𝐺 is a ferrers tree, the internal vertex edge 𝑒 = 𝑢𝑣 is incident to all other vertices. Then 

clearly rad AL(𝐺) = 1. 

 

Theorem 2.4. Adjacent line graph of a non-Ferrers tree which is not a path is Ferrers if 𝐺 has 3 internal vertices. 

 

Proof. Consider a adjacent line graph of a non-Ferrers tree, which is Ferrers. We have to prove that, 𝐺 has 3 

internal vertices. Suppose 𝐺 has more than 3 internal vertices. Then AL(G) is a non-Ferrers graph also  

d (u, v) > 3 ∀ 𝑢, 𝑣 ∈ 𝐴L(G), which a contradiction to our assumption. Hence G  has 3 internal vertices. 

 
Theorem 2.5. The Adjacent Line Graph of 𝐺 is not Ferrers if and only if the graph G  contains two disjoint 

subgraphs of either P4 or K1, 3 or C3. 

 

Proof. Let G be a graph and AL(G) be the adjacent line graph of G. Let 𝑃 and Q be the two subgraphs of G which 

are disjoint. Suppose P and Q are either P4 or K1, 3 or C3. In all the three subgraphs, have exactly three edges. Let 

e1, e2, e3 and ex, ey, ez be the distinct edges of P and Q respectively. Let 231312 ,, vvv  and xzyzxy vvv ,,  be the six 

distinct vertices in AL(G). Clearly 1312vv and xzxyvv  are two distinct edges in AL(G). Since P and Q are disjoint, 

by the definition of adjacent line graph by there does not exist any edge xyvv12  or xzvv12  or 13vvxy  or 13vvxz . 

Hence by the definition of adjacent line graph, AL(G) is a non-Ferrers graph and hence G is not  

AL-Ferrers. 
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Conversely, Assume that the adjacent line graph of G is a non-Ferrers graph. Then by the definition 

of a Ferrers graph, there exists at least two distinct edges 
2312vv and yzxyvv  such that there does not exists edges 

xyvv12  or yzvv12  or 13vvxy  or 13vvyz in AL(G) and hence the edges 
2312vv  and yzxyvv  are non-adjacent to each 

other in AL(G). Now 
2312vv  is an edge in AL(G)  implies that e1, e2, e3 are all edges in G which are adjacent to 

each other. Now the simple connected graphs with three edges are either P4 or K1, 3 or C3 in G. Similarly 

yzxyvv  is an edge in AL(G) implies that ex, ey, ez are all edges in 𝐺 which are adjacent to each other and hence the 

connected graphs with three edges are either P4 or K1, 3 or C3 in G. Let the two subgraphs obtained from the edges

2312vv  and yzxyvv  be P and Q in G. To prove P and Q are disjoint. 

 

Claim P and Q are disjoint. 
 

Suppose P and Q are connected, then there exist an edge between P and Q in G. Without loss of generality let em 

be the edge between P and Q. Then clearly there exists a vertex 
mlv  such that 

mlv  will be either adjacent to either 

12v or 
23v  or xyv  or yzv . Then by the definition of adjacent line graph, AL(G) is a Ferrers graph. This is a 

contradiction to AL(G) is a non-Ferrers graph. Thus P and Q are disjoint. Hence the proof. 

 

3. Adjacent Line Graph of Path, Cycle, Complete, Star Graphs to be Ferrers 
 

Theorem 3.1. For a path,  nPAL  is a Ferrers graph if and only if n  is either 6 or 7. 

 

Proof. Let  nPAL  denotes the adjacent line graph of a path with n  vertices. 

 

Case 1. 5n , For 2n ,  2PAL  is not possible as 
2P  has only one edge. 

 

If n = 3, 4 and 5 then their respective adjacent line graphs are     2413 , KPALKPAL   and   35 PPAL   

respectively which are all infringe-Ferrers graphs, which is a contradiction  to G is a Ferrers graph. 

 

Case 2. n = 8 

 

Let 
7654321 ,,,,,, vvvvvvv  and 

8v  be the vertices of 
8P  and 

654321 ,,,,, eeeeee  and 
7e be the edges of 8P . By the 

definition of adjacent line graph, 
5645342312 ,,,, vvvvv  and 

67v  be the vertices of  8PAL  and its edge set is given 

by 
566745672345345634125645453434232312 ,,,,,,,, vvvvvvvvvvvvvvvvvv  and is shown in Figure 1. Clearly the edges 

5667vv  and 2312vv  are non-adjacent to each other. Hence  8PAL  is a non-Ferrers graph. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1 
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Case 3. 9n  

 

Clearly G has at least 9 vertices. Therefore we get two disjoint 
4P . By Theorem 2.5, 

 

 nPAL  is not Ferrer for 9n . 

 

Hence from the above three cases it is cases it is clear that  nP  is Ferrers if n is either 6 or 7. 

 

Conversly, Consider P6 and P7. Now we prove that  nPAL  is Ferrer for n = 6 and 7.  

 

Let us consider the following. 

 

Case 1. n = 6 

 

Let 
54321 ,,,, vvvvv  and 

6v  be the vertices of 
6P  and 

54321 ,,,, eeeee  be the edges of 
6P . By the definition 

of the adjacent line graph, 
5645342312 ,,,, vvvvv  be the vertices of  6PAL  and its edge set is given by 

23453412453434232312 ,,,, vvvvvvvvvv  and is shown in Figure 2 and it can be clearly observe that   2, vud ; for 

all   6, PALVvu  . Hence by Theorem 1.8,  6PAL  is Ferrers. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2 

 

Case 2. n = 7 

 

Let 
654321 ,,,,, vvvvvv  and 

7v  be the vertices of 
7P  and 

54321 ,,,, eeeee and 
6e be the edges of 

7P . By 

the definition of adjacent line graph, 
45342312 ,,, vvvv  and 

56v  are the vertices of  7PAL  and its edge set is given 

by 235634125645453434232312 ,,,,, vvvvvvvvvvvv  and is shown in Figure 3 and it can be clearly observe that 

  2, vud ; for all   7, PALVvu  . Hence by Theorem 1.8,  7PAL  is Ferrers. 
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Figure 3 

 
Theorem 3.2. Adjacent line graph of the cycle is Ferrers if and only if n = 4, 5, 6 and 7. 

 

Proof. Let  nCAL  denotes the adjacent line graph of a cycle with n vertices. We consider the following cases 

 

Case 1. n = 3 

 

Clearly   33 CCAL   which is an infringe Ferrer graph. 

 

Case 2. 𝑛 = 4 

 

Let 
1443322114 vevevevevC  . Then the vertices of  nCAL  are denoted by 34142312 ,,, vvvv . Consider the 

vertex  1iiv  in  nCAL . Then 
 1iiv  it is adjacent to all the remaining three vertices 

       33221 ,,  iiiiii vvv  and hence the degree of  1iiv  is 3. Similarly 
23v  is adjacent to 

131412 ,, vvv  and 

14v  is adjacent to 342312 ,, vvv . And 
34v  is adjacent to 

142312 ,, vvv . Thus all the vertices of  nCAL  

where 4n  of degree 3, which is complete. By Theorem 1.4, hence  4CAL  is Ferrers. 

 

Case 3. n  5 

 

Let 
111112211 ......,, veveveveevevC nnniiin  . Then the vertices of  nCAL  are denoted by 

nivvvv ,...,,, 342312
. 

Consider the vertex  1iiv  in  nCAL , it is adjacent to the 4 vertices        21112 ,,  iiiiii vvv  and    32  ii vv . 

So the degree of the vertex  1iv  is 4. Similarly the vertex 12v  is adjacent to  nnnl vvvv 1,3423 ,,   and v  is 

adjacent to     2112312 ,,,  nnnn vvvv  Thus all the vertices of  nCAL  are of degree 4. Hence  nCAL is  

4-regular. 

 

Case 3.a. 5  n  7 

 

Clearly for 
5C ,  5CAL  is a 4-regular graphs with 5 vertices and hence we have   1, vud . By 

Theorem 1.4,  5CAL  is Ferrer. Similarly for C6,  6CAL  is a 4-regular graph with 6 vertices and hence we 

have   .2, vud  By Theorem 2.3,  6CAL  is 4-regular graph with 6 vertices and hence we have   .2, vud

By Theorem 2.3,  6CAL  is Ferrers. Also for ,7C   7CAL  is 4-regular graph with 7 vertices and hence we have 

  .2, vud By Theorem 2.3,  7CAL  is Ferrers. 
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Thus from the above cases we get,  nCAL  is Ferrers only if .74 n   

 

Thus ,nC  is AL-Ferrer for n = 4, 5, 6 and 7. 

 

Case 3.b. 8n  

 

Let 
111112211 ......,, veveveveevevC nnniiin  . Then the vertices of  nCAL  are denoted by nivvvv ...,,,, 342312

 

Consider the vertex  1iiv  in  nCAL , it is adjacent to the 4 vertices        21112 ,,  iiiiii vvv  and   32  iiv . So 

the degree of the vertex )1( iiv  is 4. Similarly the vertex 
12v is adjacent to  nnnl vvvv 13423 ,,, 

 and v  is adjacent 

to     2112312 ,,,  nnnn vvvv . Thus all the vertices of  nCAL  are of degree 4. Hence  nCAL is 4-regular. For 

8n ,  nCAL  is 4-regular graph with 𝑛 vertices and   4,  nvud . By Theorem 1.8, every 𝑛-regular 

graph is Ferrers if and only if   2, vud . But for 8n ,   34,  nvud . This is a contradiction. 

Hence for 8n ,  nCAL  is not Ferrers. 

 

Hence AL(Cn) is non-Ferrers only if n  8. 

 

Hence the theorem. 
 

Lemma 3.3. If ,nKG  then   ,pKGAL   where 
  

2

21 


nnn
p  

 

Proof. Let G be a complete graph of order n. Clearly G has 
2nC  edges in G. Let  GAL  denote the 

adjacent line graph of 
nK . By Theorem 1.7, the number of vertices of  GAL  is equal to 











n

i

id

1
2

 where 

 2id  is the degree of the vertex 
iv . Since every vertex is of degree 1n  in G, we have the number of 

vertices in  
   

2

21

2

1

1









 




nnnn
GAL

n

i

. Hence  GAL  is of order 
   

2

21  nnn
. 

 

Let 
   

p
nnn




2

21
. G is a complete graph implies that any two vertices are adjacent to each other. 

This implies that for any two distinct to each other ijv  and klv , in  GAL , there exist an edge between them as 

either ie  and 
ke or je  and le  or 

ie  and le  or je  and 
ke or 

ie  and 
ke are adjacent to each other. Hence by the 

definition of adjacent line graph, there exist an edge between any two vertices. Since  GAL  has P vertices,

  pKGAL  , where 
   

2

21 


nnn
P  

 

Theorem 3.4.  nKAL  is Ferrer. 

 

Proof. By Lemma 3.3, we have   Pn KKAL  , where    
2

21 


nnn
p . Also by Theorem 1.4, hence 

 nKAL  is Ferrers.  
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Theorem 3.5. For a star graph  nn KALK ,1,1 .  is Ferrer if and only if 4n . 

 

Proof. A star graph is the complete bipartite graph .,1 nK Let  nKAL ,1  denote the adjacent line  graph of the star 

graph .,1 nK  Let the adjacent line graph of star be Ferrers. That is  nKAL ,1  is  Ferrers graph. Now we prove that  

n  4. Suppose 1n , then 21,1 PK   which implies that  2PAL  is not possible and hence it does not exist. If  

𝑛 = 2, then 32,1 PK   which implies that   23 PPAL   which is an infringe Ferrer graph. Similarly if 𝑛 = 3, then 

3,1KG   which implies that   33,1 CKAL   which is also an infringe Ferrer graph. Thus nK ,1  is not Ferrer for  

𝑛 ≤ 3 which implies that 4n . 

 

Conversely, consider the star graph ,,1 nK 4n . Now we prove that  nKAL ,1
 is Ferrer. Let 𝑢 be the 

central vertex and 
nvvvv ...,,,, 321

 be the pendent vertices of .,1 nK Clearly the degree of the central vertex is 

n and all other vertices are of degree one as they are pendent vertices. Now the number of vertices in 

 nKAL ,1  is given by .2nC  Since each edge is adjacent with all other edges in ,,1 nK every vertex in 

 nKAL ,1  is adjacent with every other vertices of  nKAL ,1 . Hence degree of each vertex in  nKAL ,1  is 

12 nC . Hence the adjacent line graph of nK ,1  is the complete graph .
2nCK  By Theorem 1.4, we know 

that every complete graph is Ferrer and hence  nKAL ,1  =
2nCK , is Ferrers. Thus we have  nK ,1  is  

AL-Ferrer if and only if 4n . 

 
Lemma 3.6. If nmKG , , where m, n > 1 then  GAL  is complete.  

 

Proof. Let nmKG , , where m, n > 1 be a complete bi-partite graph. Let  GAL  denote the adjacent line graph 

of nmK , . Since G is a bi-partite graph. Let nvvv ...,,, 21  be the vertices in 
1V  and nuuu ...,,, 21  be the vertices in 

2V . Since we have, every vertices in 
1V  are adjacent to 

2V  and every vertices in 
2V  are adjacent to 

1V . By 

Theorem 1.7, hence the number of vertices in   .
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GAL  Since each edge is incident with all 

the vertices in both 
1V  and 

2V . By the definition of adjacent line graph, each vertex in  GAL  is adjacent to 

the remaining vertices. In this way we get AL(G) is complete. 

 
Theorem 3.7.  nmKAL , is a Ferrers. 

 

Proof.  By Lemma 3.6,  nmKAL ,  is complete. Also by Theorem 1.4, hence  nmKAL ,  is a Ferrers graph. 

 

 

4. Conclusion 

 

 In this article, we have studied the adjacent line graph of a Ferrers graphs. We also verified that the 

conditions for adjacent line graphs of path, Cycle, Complete, Star graph to be Ferrers. Also a sufficient condition 

has been given for a graph so that its adjacent line graph is not Ferrers. 
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