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Abstract:

A simple graph G = (V, E) is a Ferrers graph if for all distinct x, y,z,w € V ifxy € E and
zw € E then either xw € E or yz € E. In this paper, we study the adjacent line graph of a
ferrers graphs. We also check the conditions for adjacent line graphs of Path, Cycle, Complete,
Star graphs to be ferrers. Also a sufficient condition has been given for a graph sothat its
adjacent line graph is not ferrers.
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1. Introduction

For graph theory notations and terminology not given here we refer it from [1]. The line graph of an
undirected graph G is another graph L(G) that represents the adjacencies between edges of G. Let G = (V, E) be a
simple graph with at least one pair of adjacent edges. The adjacent line graph of G, denoted by AL(G), is a graph
with the vertex set Va, = {v;; /e; and e; are adjacent in G} and two vertices v;; and vkl are adjacent in AL(G), if
and only if, either e; and e, or e; and e, or e; and e, or e; and e, are adjacent to each other in G. [7].

Ferrers relation was introduced in [2] for the first time has been utilized for different purposes in
extensive and various science fields. The relation was used with concept lattices in formal concept analysis. Some
graphs associated by the relation were linked together concept lattices again. We already proved some results
[4] on Ferrer trees and its distance character. The upper bounds for distance function (u, v) for all u, v € V.
Throughout the paper, we consider connected graph.

In this paper our intention is to move a step forward in the investigation of the adjacent line graph of a
Ferrers graph and its properties. We also check the conditions for adjacent line graphs of Path, Cycle, Complete,
Star graphs to be Ferrers. Also a sufficient condition has been given for a graph so that its adjacent line graph is
not Ferrers.

Definition 1.1. [2] A simple graph G is a Ferrers graph if for all distinct x,y,z,w € V ifxy € E and zw
€ E theneither xw € E oryz e E.Since xy e E if and only if yx € E holds for all simple graphs, the
definition of Ferrers graph must be extended to if xy € E and zw € E, then either xw € E oryz e E or
xze Eoryw € E.

Definition. 1.2. [4] Graphs which do not satisfy the above conditions are classified as non- Ferrers graphs. Also,
there are graphs which do not have at least four distinct vertices x, y, z, w € G such that xy, zw € G. That is,
the graph does not exist at least two disjoint edges to verify Ferrers condition. This class of graphs is classified as
infringe-Ferrers graphs. The obvious examples are C; and P;. The following Theorems are used in the sequel.

Theorem 1.3. [4] Let G be atree. Then G is a Ferrers tree if and only if G has two internal vertices.
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Theorem 1.4. [4] Let G be a complete graph, then G is a Ferrers graph.

Theorem 1.5.[2] Let G = (V,E) be a simple graph where V| > 4. If G is Ferrers, then (v, w) < 2 for all
distinct v, w € V.

Theorem 1.6.[2] Let G = (V,E) is Ferrers if and only if for all distinct x,y,z,w € V if xy, zw € E then
d(x, w) +d(y, z) < 4.

n d
Theorem 1.7. [7] Let Vv,,V,,...,V, are vertices of G, then the number of vertices n; AL(G) equal to Z(z'],

i=1
Where di(> 2) is the degree of the vertex vi.

Theorem 1.8. [4] Every n-regular graph in Ferrers if and only if d(u, v) < 2.

2. Properties of Adjacent line Graph

In this Section we study the Adjacent line graph of a Ferrers graph. Let G be a connected graph of
order n > 4. If the adjacent line graph AL(G) is Ferrers graph, then we call the graph as AL-Ferrers.

Theorem 2.1. Adjacent line graph of a ferrers tree (n > 5,G # ;) is ferrers.

Proof . Let G is a ferrers tree with n > 5, G # P, . To prove AL(G) is ferrers

Since G is a ferrers tree, it has 2 internal vertices, and n end vertices. Let u and v be an 2 internal vertices and
e = uv is the edge. Then the edge “e” is incident with every edges of G. Therefore, e is an universal vertex of
AL(G). Which implies d(AL(G) < 2). Then for four distinct vertices w, x, y, z € AL(G). Then

d(w, x) +d(y, z) <2+ 2= 4.By Theorem 1.6, AL(G) is ferrers.

Remark 2.2. For n =4, AL(P4) = Py, It is an Infringe Ferrers graph.
For n =5, AL(Ps) = Ps, Itis an Infringe Ferrers graph.

Theorem 2.3. For a ferrers tree G, AL(G) is ferrers, diam AL(G) =2 and rad AL(G)=1.

Proof. Consider a ferrers tree G and AL(G) is ferrers. To prove diam AL(G) = 2. Suppose diam AL(G) > 2. The
G isa non- ferrers tree (or) a path containing atleast vertices. In all the cases G is not a ferrers tree, which is a
contradiction. Hence diam AL(G) = 2. Now to prove that, rad AL(G) is 1. It is enough to prove that
rad AL(G) #2 Since G is a ferrers tree, the internal vertex edge e = uwv is incident to all other vertices. Then
clearly rad AL(G) = 1.

Theorem 2.4. Adjacent line graph of a non-Ferrers tree which is not a path is Ferrers if G has 3 internal vertices.

Proof. Consider a adjacent line graph of a non-Ferrers tree, which is Ferrers. We have to prove that, G has 3
internal vertices. Suppose G has more than 3 internal vertices. Then AL(G) is a non-Ferrers graph also
d(u,v) >3V u, v €AL(G), which a contradiction to our assumption. Hence G has 3 internal vertices.

Theorem 2.5. The Adjacent Line Graph of G is not Ferrers if and only if the graph G contains two disjoint
subgraphs of either P4 or Ky, 3 or Ca.

Proof. Let G be a graph and AL(G) be the adjacent line graph of G. Let P and Q be the two subgraphs of G which
are disjoint. Suppose P and Q are either P4 or Ky, 3 or Ca. In all the three subgraphs, have exactly three edges. Let

€1, €2, €3 and ey, ey, €, be the distinct edges of P and Q respectively. Let v;,, Vi3,V and vy, vy,,V,, be the six
distinct vertices in AL(G). Clearly vj,vizand v, v,, aretwo distinct edges in AL(G). Since P and Q are disjoint,
by the definition of adjacent line graph by there does not exist any edge Vy,V,, OF Vj,V,, OF V, Vi3 OF V, V5.

Hence by the definition of adjacent line graph, AL(G) is a non-Ferrers graph and hence G is not
AL-Ferrers.
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Conversely, Assume that the adjacent line graph of G is a non-Ferrers graph. Then by the definition
of a Ferrers graph, there exists at least two distinct edges v;,v;and v, v,, such that there does not exists edges

VipVyy OF VipVy, OF Vy Vs OF V,Vi5in AL(G) and hence the edges v;,v,, and v, v, are non-adjacent to each

Xy yz
other in AL(G). Now v,,v,, is an edge in AL(G) implies that e;, e, es are all edges in G which are adjacent to
each other. Now the simple connected graphs with three edges are either P, or Ky 3 or Czin G. Similarly
VyyVy, isanedge in AL(G) implies that ey, ey, e; are all edges in G which are adjacent to each other and hence the

connected graphs with three edges are either P4 or Ky, 30r Cs in G. Let the two subgraphs obtained from the edges
V3pVo3 and vy v, be P and Q inG. To prove P and Q are disjoint.

Claim P and Q are disjoint.

Suppose P and Q are connected, then there exist an edge between P and Q in G. Without loss of generality let en
be the edge between P and Q. Then clearly there exists a vertex v, such that v, will be either adjacent to either

V3o OF Vo3 OF Vyy OF Vy,. Then by the definition of adjacent line graph, AL(G) is a Ferrers graph. This is a
contradiction to AL(G) is a non-Ferrers graph. Thus P and Q are disjoint. Hence the proof.

3. Adjacent Line Graph of Path, Cycle, Complete, Star Graphs to be Ferrers

Theorem 3.1. For a path, AL(Pn) is a Ferrers graph if and only if , is either 6 or 7.
Proof. Let AL(Pn) denotes the adjacent line graph of a path with n vertices.
Case 1. n<5,For n=2, AL(PZ) is not possible as P, has only one edge.

If n =3, 4 and 5 then their respective adjacent line graphs are AL(P,)=K,, AL(P,)=K, and AL(R,)=P,
respectively which are all infringe-Ferrers graphs, which is a contradiction to G is a Ferrers graph.

Case2.n=8

Let v;,v,,V3,V,,Vs5, Vg, V7 and vg be the vertices of P, and e;,e,,e;,e,,€5,65 and e, be the edges of P, . By the
definition of adjacent line graph, v;,,V,3,Vs,, V45,V and v, be the vertices of AL(R,) and its edge set is given
BY VioVog,VogVas , VasVas , VasVs s VioVaa s VegVaa s VasVas, VerVas Ver Vs @nd is shown in Figure 1. Clearly the edges
Vg7Vss and vy,v,, are non-adjacent to each other. Hence AL(P,) is a non-Ferrers graph.

Vi @

23

36 Vys

’ Figure 1
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Case 3. n>9

Clearly G has at least 9 vertices. Therefore we get two disjoint P, . By Theorem 2.5,
AL(P,) is not Ferrer for n>9.

Hence from the above three cases it is cases it is clear that (Pn) is Ferrers if n is either 6 or 7.
Conversly, Consider Pg and P7. Now we prove that AL(Pn) is Ferrer forn=6and 7.

Let us consider the following.
Casel.n=6

Let v;,v,,vs,V,,V5 and v, be the vertices of Py and e, e,,e;,e,,65 be the edges of By . By the definition
of the adjacent line graph, vy,,Vy, Vay,Vys, Ve D€ the vertices of AL(P6) and its edge set is given by
VioVo3, VagVas, VaaVas , VioVay, VasVag @Nd is shown in Figure 2 and it can be clearly observe that d(u,v)<2; for
all u,veV (AL(P,)). Hence by Theorem 1.8, AL(P;) is Ferrers.

Vs

Vv Vv,
s @ Vis 34

Figure 2
Case2.n=7

Let v;,V,,V3,Vy,Vs5, Vg and v, be the vertices of P, and e, e,,e;,e,,e;and e4 be the edges of P, . By
the definition of adjacent line graph, v,,,v,,, V4,,V,5 and v, are the vertices of AL(P7) and its edge set is given
DY VipVag,VosVas, VaaVas, VasVeg, VioVag,VsgVag and is shown in Figure 3 and it can be clearly observe that
d(u,v)<2; forall u,veV (AL(P, )). Hence by Theorem 1.8, AL(P, ) is Ferrers.
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Figure 3

Theorem 3.2. Adjacent line graph of the cycle is Ferrers if and only if n = 4,5, 6 and 7.

Proof. Let AL(Cn) denotes the adjacent line graph of a cycle with n vertices. We consider the following cases

Casel.n=3

Clearly AL(C3)=C3 which is an infringe Ferrer graph.
Case2.n=4

Let C, =v,e,v,e,ve,v,e,v,- Then the vertices of AL(C,) are denoted by v;,,v,3,v44,vs, - COnsider the
vertex v, in AL(C,). Then = it is adjacent to all the remaining three vertices
V(i1)i+2)- V(i 2)i+3) Vi(iv3) @Nd hence the degree of v, is 3. Similarly v,, is adjacent to v,,v;4,v;5 and
vy, is adjacent to v;,,v,,,v, . And v, is adjacent to v;,,v,s,v;, - Thus all the vertices of AL(C,)
where n =4 of degree 3, which is complete. By Theorem 1.4, hence AL(C,) is Ferrers.

Case3.n>5

Let C,=V,eV,e,,.... 6 _V,eVi,,..e, V.€V,. Then the vertices of AL(C,) are denoted by V,,,V,q,Vay,erns Vi -
Consider the vertex v, ) in AL(C,), it is adjacent to the 4 vertices v oy 1), V(1) Viisaisz) @ Vii2)Vira):
So the degree of the vertex v,y is 4. Similarly the vertex v, is adjacent to Vy3,V3,Vy V(pg), and v is
adjacent 10 Vy5,Vy3,V(n_g)nsV (n-1)(n-2) Thus all the vertices of AL(C,) are of degree 4. Hence AL(C,)is
4-regular.

Case3a.5<n<7

Clearly for C,, AL(C;) is a 4-regular graphs with 5 vertices and hence we have d(u,v)=1. By
Theorem 1.4, AL(C,) is Ferrer. Similarly for Cs, AL(C,) is a 4-regular graph with 6 vertices and hence we
have d(u,v)=2. By Theorem 2.3, AL(C;) is 4-regular graph with 6 vertices and hence we have d(u,v)=2.
By Theorem 2.3, AL(CG) is Ferrers. Also forC,, AL(C7) is 4-regular graph with 7 vertices and hence we have
d(u,v)=2.By Theorem 2.3, AL(C,) is Ferrers.
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Thus from the above cases we get, AL(Cn) is Ferrersonly if 4<n<7.
Thus C,, is AL-Ferrer forn = 4,5,6 and 7.
Case 3.b. n>8

Let C,, =v;1e,V2€5,..., €, 1V1€,Viuy... €0 sV,e,y, - 1HeN the vertices of AL(C, ) are denoted by vi,,Vys, Vay, ..., Vi
Consider the vertex Vi(i+1) in AL(Cn), it is adjacent to the 4 vertices Vi(i—2)i-1)» Vi-1)i» V(is1)i+2) and V(ir2)i+3) " So

the degree of the vertex Vjj,q) is 4. Similarly the vertex v,, is adjacent t0 v,3,v3,,v,, V(n-1)n and v is adjacent
0 Vy,Va3,V(n_1)n:V(n 1)n_2) - THUS all the vertices of AL(C,) are of degree 4. Hence AL(C, )is 4-regular. For
n>8, AL(C,) is 4-regular graph with n vertices and d(u,v)=n—4. By Theorem 1.8, every n-regular
graph is Ferrers if and only if d(u,v)<2.But for n>8, d(u,v)=n—4>3. This is a contradiction.
Hence for n>8, AL(C, ) is not Ferrers.

Hence AL(C,) is non-Ferrers only if n > 8.

Hence the theorem.

Lemma 3.3. If G=K_, then AL(G)=K,, where p:n(n+)(n—2)

Proof. Let G be a complete graph of order n. Clearly G has nC, edges in G. Let AL(G) denote the

n d
adjacent line graph of K_ . By Theorem 1.7, the number of vertices of AL(G) is equal to Z( ZIJ where
i=1

d;(>2) is the degree of the vertex v,. Since every vertex is of degree N—1 in G, we have the number of

vertices in AL(G):Zn:(nz_ljzw _Hence AL(G) is of order {n(n—l;(n—Z)}.

L fn-0a-2)
2

This implies that for any two distinct to each other v and vy, in AL(G), there exist anedge between them as

= p. Gis acomplete graph implies that any two vertices are adjacent to each other.

either ¢; and e, or e; and e or ¢ and e or e; and e, or ¢ and e, are adjacent to each other. Hence by the
definition of adjacent line graph, there exist an edge between any two vertices. Since AL(G) has P vertices,

in(n—1)(n—2);

AL(G):KP,Where P= >

Theorem 3.4. AL(K,,) is Ferrer.

Proof. By Lemma 3.3, we have AL(Kn): KP’ where p= [n(n_lz)(n_z)] . Also by Theorem 1.4, hence

AL(Kn) is Ferrers.
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Theorem 3.5. For a star graph Kl'n.AL(Kl'n) is Ferrer if and only if n>4.

Proof. A star graph is the complete bipartite graph K, . Let AL(Kl,n) denote the adjacent line graph of the star
graph K, . Let the adjacent line graph of star be Ferrers. That is AL(Kl,n) is Ferrers graph. Now we prove that
n>4. Suppose n=1, then K;,=P, which implies that AL(PZ) is not possible and hence it does not exist. If
n=2,then K, , =P, which implies that A|_(p3): P, which is an infringe Ferrer graph. Similarly if n = 3, then
G=K;3 which implies that AL(K1,3)=03 which is also an infringe Ferrer graph. Thus Kin is not Ferrer for
n < 3 which implies that n>4 .

Conversely, consider the star graph K, n>4. Now we prove that AL(Kln) is Ferrer. Let u be the
central vertex and v,,v,,v,,...,v, be the pendent vertices of K, .Clearly the degree of the central vertex is

n and all other vertices are of degree one as they are pendent vertices. Now the number of vertices in
AL(Klyn) is given by nC,. Since each edge is adjacent with all other edges inK, ,, every vertex in

AL(K, , ) is adjacent with every other vertices of AL(K, , ). Hence degree of each vertex in AL(Ky,) is
nC, —1. Hence the adjacent line graph of K, , is the complete graph Ko, BY Theorem 1.4, we know
that every complete graph is Ferrer and hence AL(Klyn) =K
AL-Ferrerifand only if n>4.

is Ferrers. Thus we have K, is

nC, !

Lemma3.6. If G=K where m, n > 1 then AL(G) is complete.

m,n !

Proof. Let G=K,, ,,
of K, , - Since G is a bi-partite graph. Let vy,v,,...,v, be the vertices in V/; and uy,us,...,u, be the vertices in

where m, n > 1 be a complete bi-partite graph. Let AL(G) denote the adjacent line graph

V, . Since we have, every vertices in \V/, are adjacent to \V/, and every vertices in V, are adjacent to V, . By

_ _ m di n dj _ o _
Theorem 1.7, hence the number of vertices in AL(G)= Z 5 +z 5 | Since each edge is incident with all
i=1 j=1
the vertices in both V, and V, . By the definition of adjacent line graph, each vertex in AL(G) is adjacent to
the remaining vertices. In this way we get AL(G) is complete.

Theorem 3.7. AL(KmYn)is a Ferrers.

Proof. By Lemma 3.6, AL(Km’n) is complete. Also by Theorem 1.4, hence AL(Km‘n) is a Ferrers graph.

4. Conclusion
In this article, we have studied the adjacent line graph of a Ferrers graphs. We also verified that the

conditions for adjacent line graphs of path, Cycle, Complete, Star graph to be Ferrers. Also a sufficient condition
has been given for a graph so that its adjacent line graph is not Ferrers.
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